Unilateral global bifurcation for fourth-order eigenvalue 
problems with sign-changing weight * 



Guowei Dai^ 

Department of Mathematics, Northwest Normal University, Lanzhou, 730070, PR China 



t-H [ 

O ■ Abstract 
(N 

In this paper, we shall establish the unilateral global bifurcation result for a class of 
fourth-order eigenvalue problems with sign-changing weight. Under some natural hypothe- 
ses on perturbation function, we show that 0) is a bifurcation point of the above 
£C) \ problems and there are two distinct unbounded continua, (C k ) + and (C%)~ , consisting of 

the bifurcation branch C v k from (/i£,0), where fi k is the /c-th positive or negative eigenvalue 
^ . of the linear problem corresponding to the above problems, v E {+, — }. As the applications 

of the above result, we study the existence of nodal solutions for a class of fourth-order 
eigenvalue problems with sign-changing weight. Moreover, we also establish the Sturm 
type comparison theorem for fourth-order problems with sign-changing weight. 
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J. Introduction 



It is well known that fourth-order elliptic problems arise in many applications, such as Micro 
Electro Mechanical systems, thin film theory, surface diffusion on solids, interface dynamics, 
flow in Hele-Shaw cells, phase field models of multi-phase systems and the deformation of an 
o5 " elastic beam, see, for example, [HI E] and the references therein. Thus, there are many pa- 
pers concerning the existence and multiplicity of positive solutions and sign-changing solutions 
addressed by using different methods, such as those of topology degree theory, critical point 
theory, the fixed point theorem in cones and bifurcation techniques j3j [10J G21 H31 US] ■ Problems 
with sign-changing weight arise from the selection-migration model in population genetics. In 
this model, weight function m changes sign corresponding to the fact that an allele A\ holds an 
advantage over a rival allele A 2 at same points and is at a disadvantage at others; the parameter 
9 corresponds to the reciprocal of diffusion, for details, see [SI. 
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Recently, Ma et al. [H] established the existence of the principal eigenvalues of the following 
linear indefinite weight problem 



u"" = \g(t)u, *e(0,l), 
u (0) = = w"(0) = u"{\) = 0, 

where g : [0, 1] — > R is a continuous sign-changing function. They also proved the existence of 
positive solutions for the corresponding nonlinear indefinite weight problem. However, there is 
no any information on the high eigenvalues and the existence of sign-changing solutions for the 
corresponding nonlinear indefinite weight problem. 

In [4], Dai and Ma established a Dancer-type unilateral global bifurcation result for one- 
dimensional p-Laplacian problem. Later, Dai and Ma [5] established the spectrum of the follow- 
ing eigenvalue problem 

" u"" = nm{t)u, t e (0,1), 
u (0) = u(l) = u"(0) = = 0, { ' 

where \i is a real parameter and m is sign-changing weight. They proved there exists a unique 
sequence of eigenvalues for the above problem. Each eigenvalue is simple, the fc-th eigenfunction, 
corresponding to the fc-th positive or negative eigenvalue, has exactly k — 1 generalized simple 
zeros in (0, 1). 

In this paper, based the spectral theory of [5], we shall establish the similar results to Dai 
and Ma [4] about the continua of solutions for the following fourth-order eigenvalue problem 

u"" = /im(t)u + g(t,u,fj,), t G (0,1), , , 

u (0) = u (i) = u ''(o) = = 0, 1 > 

where m is a sign-changing function, g : (0, 1) x R 2 — y R satisfies the Caratheodory condition. 
Let I := (0, 1) and 

M(I) := {m e C(7)|meas{t G I,m{t) > 0} ^ 0} . 

We also assume that the perturbation function g : I x R 2 — y R is continuous and satisfies the 
following hypotheses: 

lim*%^ = (1.3) 

s^0 \s\ 

uniformly for t G / and \i on bounded sets. 

Under the condition of m G M(J) and (11.31) . we shall show that (/i£, 0) is a bifurcation 
point of ( II. 2p and there are two distinct unbounded continua, (C£) + and (C£)~, consisting of the 
bifurcation branch C£ from (/i^,0), where \i v k is the fc-th positive or negative eigenvalue of the 
linear problem corresponding to (II. 2ft . where v G {+,—}• 

Based on the above result, we investigate the existence of nodal solutions for the following 
fourth-order problem 

" u""- im {t)f{u) = Q, tel, . . 

u(0) = u(l) = u"(0) = u"{l) = 0, 1 ' 

where / G C(R), 7 is a parameter. 

The rest of this paper is arranged as follows. In Section 2, we establish the unilateral global 
bifurcation theory for (11.21) . In Section 3, we establish the Sturm type comparison theorem for 
fourth-order problems with sign-changing weight. In Section 4, we prove the existence of nodal 
solutions for (II .4ft under the linear growth condition on /. 
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2 Unilateral global bifurcation results 

We start by considering the following auxiliary problem 

-u" = e(t), t G I, 



u(0) = u(l) = ^ 2-1) 

for a given e £ C(J). It is well known that for every given e G C(I) there is a unique solution 
u G C 2 (I) to the problem (12. ip (see [2]). Let A(e) denote the unique solution to (12.11) for a given 
e G C(I). By the results of [2], we can easily show that A : C k (I) — > C k+2 (I) is continuous for 
any fc>0,fceNU {0}. Hence, A 2 : C(7) C 3 (7) is compact. 
Now, the problem (11.21) can be restated as an operator equation 

u = /xA 2 (mw). 

Define T^u) = /xA 2 (rmx). Let E = {u e C 3 (7)|w(0) = u(l) = u"(0) = u"{\) = 0} with the norm 

\\u\\ = max \u(t) \ + max |tt'(£)| + max + max 

tei tei tei tei 



and ^ be defined on E by 



=u- T^u) 



It is no difficult to show that is a nonlinear compact perturbation of the identity. Thus the 
Leray-Schauder degree deg B r (0), 0) is well-defined for arbitrary r-ball -B r (0) and \i ^ jjt u k . 

Firstly, we can compute deg B r (0), 0) for any r > as follows. 

Lemma 2.1. For r > 0, we have 

{1, if H e > 

(-l) fc , if n & (vt^t+i), ^N, 
(-l) fc , i//xG fceN. 

Proof. We divide the proof into two cases. 
Case 1. /x > 0. 

Since T M is compact and linear, by [HI Theorem 8.10], 

deg(*„, J B r (0),0) = (-l) 



where m(/x) is the sum of algebraic multiplicity of the eigenvalues /x of (11.11) satisfying /x x \i\ < 1. 
If /x G [0,/x^), then there are no such /i at all, then 

deg B r (0), 0) = (-l)-M = (-1)° = l. 
If /x G /-tjj+i) f° r some ^ G N, then 

(/x+)^V> 1, J e {!,■■• ,*}. 

This implies 

deg(* M ,A.(0),0) = (-l) fe . 

Case 2. /x < 0. 
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In this case, we consider a new sign-changing eigenvalue problem 

u"" - fim{t)u = 0, tel, 
u(0) = u(l) = u"(0) = u"(l) = 0, 

where p = — p, m(t) = — m(£). It is easy to check that 

Thus, we may use the result obtained in Case 1 to deduce the desired result. ■ 
Define the operator R : R x E — > E by 

i?(p, «)(£) := pA 2 (mw) + A 2 g(t, u, p). 
Then it is clear that problem (II. 2p can be equivalently written as 

u = R(fi, u). 

Clearly, R is completely continuous from K x E — > E and -R(p, 0) = 0, Vp £ M. 

Theorem 2.1. Assume II 1.3}) holds and m £ Then (p^, 0) zs a bifurcation point of 

U.S\) and the associated bifurcation branch C% in¥Lx E whose closure contains (nl,0) is either 
unbounded or contains a pair (p, 0) with ~p is an eigenvalue of II 1.1}) and ~p,^ \i v k . 

Proof. We only prove the case of /x^ because the case of /x^ is similar. From now on, for 
simplicity, we write p*; = pjj!\ Suppose that (p^, 0) is not a bifurcation point of problem (II. 2p . 
Then there exist e > 0, po > such that for |/x — //&| < £ and < p < po there is no nontrivial 
solution of the equation 

u — i?(p, u) = 

with || f || = p. From the invariance of the degree under a compact homo-topology we obtain that 

deg (J - R(ji, •), B p {0), 0) = constant (2.2) 

for p £ [p fc - e,p fc + e). 

By taking e smaller if necessary, we can assume that there is no eigenvalue of ( II. ip in 
(Pfc, Pfc + e]- Fix p £ (pfc, pfe + e]. We claim that the equation 

m - (pA 2 (mw) + sA 2 ^(t, it, p)) = (2.3) 

has no solution u with ||w|| = p for every s £ I and p sufficiently small. Suppose on the contrary, 
let {u n } be the solution of (I2.3P with ||u„|| — > as n — > +oo. 
Let v n := Wn/ll^nll, then v n should be a solution of problem 

«»(*) = A 2 Lm« n + 8 g%^ V (2.4) 



Let 



g(£, it, p) = max |(yf(t, s, p)| for t £ / and p on bounded sets, 

0<|s|<« 
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then g is nondecreasing with respect to u and 

lim ~ 9 ^ U ^ ] = (2.5) 

u^0+ u 

uniformly for t £ I and fi on bounded sets. Further it follows from (I2.5P that 

q(t,u,u) q(t,\u\,u) q(t, llulloo, qT^IMLu) , . 

„ ; < yK < ^ v - 1 ' 1 < yK ' ^ as kt -»■ (2.6) 

IMI ll n ll \\ u \\ \\ u \\ 

uniformly for t G / and /i on bounded sets. 

By (12.41) . (12. 6 p and compactness of A 2 , we obtain that for some convenient subsequence 
v n — > v o as n — ► +oo. Now vq verifies the equation 

v'q" = fimv 

and || fo|| = 1. This implies that /i is an eigenvalue of (II. ip . This is a contradiction. From the 
invariance of the degree under homo-topology and Lemma 2.1 we then obtain 

deg (/ - R(ji, •), B r (0), 0) = deg B r (Q), 0) = (-l) fc . (2.7) 

Similarly, for /i 6 [/it - e, we find that 

deg (I - i?(/i, .), B r (0), 0) = (2.8) 

Relations (12 .7p and (12. 8p contradicts (I2.2p and hence (/Xfc,0) is a bifurcation point of problem 

(H2D. 

By standard arguments in global bifurcation theory (see [15]). we can show the existence of 
a global branch of solutions of (11.2j) emanating from (/^., 0). ■ 

Now, we give the definitions of nodal solution, generalized simple zero and generalized double 
zero. 



Definition 2.1. Let u be a nontrivial solution of (11.2j) and t* be a zero of u. We call that 
£* is a generalized simple zero if u"{t*) = but 7^ or ^"'(t*) 7^ 0. Otherwise, we call that 

£* is a generalized double zero. If there is no generalized double zero of u, we call that u is a 
nodal solution. 



Next, we prove that the first choice of the alternative of Theorem 2.1 is the only possibility. 
Let S£ denote the set of functions in E which have exactly k — 1 generalized simple zeros in / 
and are positive near t — 0, and set = —S£, and Sk = S£ U . Clearly, they are disjoint 
and open in E. Finally, let $^ = E x and ^ = 1 x under the product topology. 

Lemma 2.2. If (//, u) is a solution of U.S\) and u has a generalized double zero, then u = 0. 

Proof. Let u be a solution of (II. 2p and t* G I be a generalized double zero, i.e., = 
u '(£„) = u "(t„) = «'"(t*) = 0. We note that 

/t PS FT Pp 
J J Jt ^ m ^ U ^ + #(£> M (£)>^)) d^dpdrds. 
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First, we consider t G [0,t*]. Then 



\u(t)\ 



furthermore, 



< 



< 



< 



T rp 



U JU JU JU 
U n rp 

/ (prn(£)u(£) + g{£, u(£), n)) d £ d P dr 
' f*\(jAm(Ou(£)+g(Z,u(£),f*))\ d ^ 

Jt 

|(//m(£)u(£) + <?(£, )| d£, 



\u(t)\ < I \(fj,m(T)u(r) + g(T,u(r),fi))\ dr 

u(t) dr 

\u(t) \ dr. 



< 



< 



" / ,m(r) + ^ (T ' M(r) ' /i) 



t* 



fi\m(r)\ + 



u{t) 
g(r,u(T),fi) 



U(T 



In view of (11. 3p . for any e > 0, there exists a constant 5 > such that 

\g(t,s,fi)\ < e\s\ 

uniformly with respect to t G I and fixed \i when \s\ G [0,6]. Hence, 



\u(t)\ < 



t* 



/i|m(r)| + s + max 

s€[5,||u||o 



\u(t) \ dr. 



By Gronwall- Bellman inequality [TJ, we get u = on [0,i*]. Similarly, we also can get w = on 
[f, 1] and the proof is complete. ■ 

Lemma 2.3. TTie last alternative of Theorem 2.1 is impossible ifC% C U {(//^,0)}. 

Proof. Suppose on the contrary, if there exists (fi m , u m ) — > (/ij, 0) when m — >■ +oo with 
(Hm,u m ) G C£, u m ^ and j 7^ A;. Let u> m := M m /||M m ||, then u> m should be a solution of 
problem 



w(t) = A ^mw + 



( . g(t,u m ,n) 

umw H n n — 



(2.9) 



By ( 12. 6p . (12. 9p and the compactness of A 2 we obtain that for some convenient subsequence 
w m — > w as m — > +00. Now w verifies the equation 

w'q" = n v 5 m(t)w Q 

and ||u>o|| — 1- Hence Wq G Sj which is an open set in E, and as a consequence for some m large 
enough, u m G Sj, and this is a contradiction. ■ 



Theorem 2.2. Assume $1.3\) holds and m G M(I), then from each (/^,0) it bifurcates an 
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unbounded continuum C k of solutions to problem U.fy) . with exactly k — 1 simple zeros, where 
\x v k is the eigenvalue of problem hl.l\) . 

Proof. Taking into account Theorem 2.1 and Lemma 2.3, we only need to prove that C k C 
$ fc U {(/il, 0)}. Suppose C£ £ U {(ill, 0)}. Then there exists (n, u) G C v k n (R x dS^) such that 
(//, w) 7^ 0) and (/i„,w n ) — > (n,u) with (fi n ,u n ) G C£ fl (R x Sfc). Since w G <9Sfc, by Lemma 
2.2, u = 0. Let f n := ■u n /||^n||) then v n should be a solution of problem 

v(t) = A 2 ( fim v + 9 ^ Un f ) ) (2.10) 

V |Pn|| / 

By (12. 6p . f)2.10p and the compactness of A 2 we obtain that for some convenient subsequence 
v n — > Vo as n — > +oo. Now v verifies the equation 

v'o" = fim(t)v 

and ||f || = 1. Hence /i = /ij, for some j ^ k. Therefore, (fi n ,u n ) — > (/^,0) with u n ) G 
C k fl (R x Sfc). This contradicts Lemma 2.3. ■ 

Using the similar method to prove jU Theorem 3.2] with obvious changes, we may obtain 
the following result. 

Theorem 2.3. Assume M.'J\) holds and m G M(I), then there are two distinct unbounded 
continua, (C k ) + and (C k )~ , consisting of the bifurcation branch C^. Moreover, for a G {+,—}, 
we have 

(gc({feO)}U(lx5[)). 



3 Sturm type comparison theorem 

In this section, we shall establish the Sturm type comparison theorem for fourth-order dif- 
ferential equations with sign-changing weight, which will be used later. 

Lemma 3.1. Let b 2 (t) > bi(t) > for t E I and bi(t) G C(l), i = 1,2. Also let u 1; u 2 be 
solutions of the following differential equations: 

u"" = k(t)u, t G I,i = 1,2, 

respectively. If u\ has k generalized simple zeros in I, then u 2 has at least k + 1 generalized 
simple zeros in I. 

Proof. Let c and d be any two consecutive generalized simple zeros of U\ in I. Then we can 
assume without loss of generality that Ui{t) > 0, u 2 {t) > in (c,d). Then an easy calculation 
shows that 

d i>d 

(u""u 2 - u 2 'ux) dt= (hi - b 2 ) Ul u 2 dt < 0. (3.1) 
The left-hand side of (3.1) equals 

u"'(d)u 2 (d) — u'"(c)u 2 (c) + u'^d^u'^d) — u'^cju'^c). 
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Next, we shall show that 

u'l'{d)u 2 {d) - <(c)w 2 (c) + u'^dy^d) - u[(c)i4(c) > 0. 

In fact, if this occurs, we arrive a contradiction. We divide the proof into two steps. 

Step 1: We show that u"'(d)u2(d) — u'"(c)u 2 (c) > 0. Let v := u". We consider the system: 

J u'[ = v, te I, 
\ v" = 6i«i. 

By simple computation, one has 

uW = £ + ^ + C (3.2) 
for any constant C. Let to G (c, be the point satisfying 

«i(to) = max U\(t). 

Then (3.2) implies 

_ t; 2 (t ) K(t ) 
2 2 

It follows C < 0. Putting c into (3.2), we have 

u[{c)u'l'(c) = C < 0. 

Using this and the fact u[(c) > 0, we get u'l'(c) < 0. Similarly, we can show that u'"(d) > 0. 
Hence, we have u'('(d)u 2 (d) — u'"(c)u 2 (c) > 0. 

Step 2: We show that u'^u'^d) - «i(c)<(c) > 0. 

It suffices to show that i4'( c ) < and ^'(rf) < since the facts u'^c) > and u[(d) < 0. 
Suppose on the contrary that u' 2 \c) > or u 2 (d) > 0, we shall deduce a contradiction. 

Let u* :— u 2 (t) + 1. Then = 62^2 and > 1 in (c, <f). For some e > small enough, let 
u G C 4 ([-£, 1 + e]) and 6 > be such that u(-e) = u(l + e) = u"(-e) = w"(l + e) = 0, u| 7 = w* 
and u"" = bu. Then we have 

f u"" = bu, te (-e,l + e), 

\ u(_ e ) = 2(1 + e ) = «"(-e) = w"(l + e) = 0. 

Set a := (c — e)/2 and 6 := (d + 1 + s)/2. Let U G C 4 ([a, b]) and 6 > be such that u\ = u, 
u > in (a, 6) and u(a) = u(b) = u"(a) = u"(b) = and u"" = bu. Set w := TZ", then w should 
be a solution of the problem 

J w" = bu, t G (a, 6), 
\ iu(a) = w(b) = 0. 

The Strong Maximum Principle implies that w < in (a, 6). This follows that u' 2 ' < in [c, d].m 

Let 

/+ : = {t g 7 1 m(t) > 0} , 7" := {t G 7 | m{t) < 0} . 
Lemma 3.2. Assume m G M(I). Let I = (a, b) be such that I C 7 + and 

measl > 0. 
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Let g n : / — >■ (0, +00) be continuous function and such that 

lim g n (t) = +00 uniformly on I. 

n— >+oo 

Let y n be a solution of the equation 

y'™ = m{t)g n {t)y n , t G I, 
u(0) = u(l) =u"(l) =u"(l) = 0. 

Then the number of zeros of y n in I goes to infinity as n — > +00. 

Proof. After taking a subsequence if necessary, we may assume that 

m(t)g n .(t) > Xj, teT 
as j — > +00, where Xj is the j-th eigenvalue of the following problem 

u"" = Xu{t), te I. 

Let (fj be the corresponding eigenvalue of A^. It is easy to check that the distance between any 
two consecutive zeros of <pj is 1/j (also see [7]). Hence, the number of zeros of (pj\^ goes to 
infinity as j — > +00. By Lemma 3.1, one has that the number of zeros of y n \f goes to infinity as 
n — > +00. It follows the desired results. ■ 

Similarly, we also have: 

Lemma 3.3. Assume m G M(I). Let I = (c,d) be such that I C I~ and 

measl > 0. 

Let g n : / — >■ (—00, 0) be continuous function and such that 

lim g n (t) = —00 uniformly on I. 

n— >+oo 

Let y n be a solution of the equation 

y'n" = m(t)g n (t)y n , t G /. 
Then the number of zeros of y n goes to infinity as n — >■ +00. 



4 Existence of nodal solutions of (11.41) 



In this section, we shall investigate the existence and multiplicity of nodal solutions to the 
problem (11.41) under the linear growth condition on /. 

Firstly, we suppose that 

(HJ f G C(R, R) with f(s)s > for s ^ 0; 
(H 2 ) there exist fo, f^ G (0, +oo) such that 

f = hm , = hm 



|s| — S-0 S ' |s|-s>+oo S 



Let fj, k be the k-th positive or negative eigenvalue of (II. ip . Applying Theorem 2.3, we shall 
establish the existence of nodal solutions of (II. 4p follows. 

Theorem 4.1. Let (Hi), (H 2 ) hold and m G M(I). Assume that for some fcGN, either 

7G u ftL } tL 

\foo fo/ \fo foo 

or 

V fo foo J \foo fo 

Then has two solutions and such that u~l has exactly k — 1 generalized simple zeros 
in I and is positive near 0, and has exactly k — 1 generalized simple zeros in I and is negative 
near 0. 

Proof. We only prove the case of 7 > 0. The case of 7 < is similar. Consider the problem 

u"" = m m{t)f{u), tel, 



Let C e C(R) be such that 
with 



u(0) = u(l) = u"(0) = u"(l) = 0. ( 4Aj 



/(«) = /o« + C(«) 



hm C M = 0. 

|m|->0 u 



Hence, the condition (11.31) holds. Using Theorem 2.3, we have that there are two distinct 
unbounded continua, (C£) + and (C%)~, consisting of the bifurcation branch C£ from (/i^/7/0,0) 
, such that 

(c t Tc(M,o)}u(Rxsa). 

It is clear that any solution of (4.1) of the form (l,u) yields a solutions u of (II. 4p . We shall 
show that (C^Y crosses the hyperplane {1} x E in R x E. To this end, it will be enough to 

show that (C^Y joins fe,0j to f^,+ooY Let (/i n ,2/n) e (^vT satisfy /i n + ||y n || ->■ +00. 
We note that //„ > for all n e N since (0,0) is the only solution of (4.1) for \x = and 

(c+) CT n ({0} x £) = 0. 

Case 1: (4 /foo < 7 < ^jjV/o- 

In this case, we only need to show that 

We divide the proof into two steps. 

Step 1 : We show that if there exists a constant M > such that 

/in C (0, M] 

for n e N large enough, then (C^) CT joins (/i^/7/0,0) to (n^/lfoo, +00). 
In this case it follows that 

H2/JI -)■ +00. 
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Let f G C(R) be such that 
Then 

Let 

Then £ is nondecreasing and 
We divide the equation 



f(u) = fooU + C{u). 



hm ^ = 0. 

|u|-H-oo M 



£(u) = max |£(s) 

0<|s|<« 



li m ^M = 0. (4.2) 



S/n" = A«n7"l(*)/ooS/n + A«n7™(*)f fan) 

by ||2/n|| an d set y n = yn/llz/nll- Since y n is bounded in E 1 , after taking a subsequence if necessary, 
we have that y n ^y for some y £ E. Moreover, from (4.2) and the fact that £ is nondecreasing, 
we have that 

lim %# = 

||yn|| 

since _ _ _ 

e(y»(t)) < £(b»(t)|) < £0MgU < £0Mgf 



llZ/n 1 1 llZ/nll 111/™ 1 1 111/" I 

By the continuity and compactness of A 2 , it follows that 



y"" = m™{t)f°°y, 



where fx = lim //„, again choosing a subsequence and relabeling if necessary. 

n— >+oo 

We claim that 



It is clear that y G C (C+) a since (C^)' 7 is closed in I x £. Hence, /ry/oo = , so 

that 

- /4 



if 00 

Therefore, (C+) CT joins (ntllfo,®) to (/4/t/oo, +00). 

S'tep 2: We show that there exists a constant M such that //„ G (0, M] for n G N large 
enough. 

On the contrary, we suppose that 

lim fi n = +00. 

n— »+oc 

Since (fi n ,y n ) G (C*^) ", it follows that 

C = lVnm(t)f n (t)(p(y n ), 

where 

/o, if ynW = 0. 
11 



Conditions (Hi) and (H?) imply that there exists a positive constant g such that f n (t) > g for 
any t E I and all n G N. Then Lemma 3.2 follows that y n has more than k zeros in / for n large 
enough, and this contradicts the fact that y n has exactly k — 1 zeros in /. 

Case 2: n+/f < 7 < /4//°o- 

In this case, we have that 



7/0 7/00 

Assume that (fi n ,y n ) G (C*^) <T is such that 

lim (fi n + = +00. 



n— >+oo 



In view of S'tep ,2 of Case 1, we have known that there exists M > 0, such that for n G N 
sufficiently large, 

/in G (0,M]. 

Applying the same method used in Step 1 of Case 1, after taking a subsequence and relabeling 
if necessary, it follows that 

(fin, Un) -> \ Zf~' + °°^) aS 11 ~^ +0 °- 

Thus, (C+)* joins (fit Mo, 0) to (^+/ 7 /oc, +00). ■ 

Using the similar proof with the proof Theorem 4.1, we can obtain the more general results 
as follows. 



Theorem 4.2. Let (Hi), (H 2 ) hold and m G M(I). Assume that for some k,n G N with 
k < n, either 



foofoj \ fo fi 



I oc 



or 



7G u (^,^ 

V fo /oo / \ /oo /o 

Then fli.^| ) nas n — A; + 1 pairs solutions uf and uj for j G {A;, • ■ ■ , n} such that Uj has exactly 
j — 1 generalized simple zeros in I and is positive near 0, and uj has exactly j — 1 generalized 
simple zeros in I and is negative near 0. 

Remark 4.1. Clearly, Theorem 1.1 of [TTJ is the corollary of Theorem 4.1. 
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